An accurate numerical method is described for solving the Helmholtz equation for a general class of optical fibers. The method yields detailed information about the spatial and angular properties of the propagating beam as well as the modal propagation constants for the fiber. The method is applied to a practical gradedindex fiber under the assumptions of both coherent and incoherent illumination. A spectral analysis of the calculated field shows that leaky modes are lost and steady-state propagating conditions are established over a propagation distance of a fraction of a meter.
Introduction
The accelerating development and application of low-loss wideband optical fibers has been accompanied by extensive experimental and theoretical work to characterize their transmissive and dispersive properties. 1 ' 2 Most of the theoretical analyses have been based on modal expansions of the propagating field. 3 This type of description has the advantages of familiarity and ease of analytic manipulation, but it is difficult to apply quantitatively to multimode fibers with general refractive index profiles. A direct numerical solution of the Helmholtz equation, on the other hand, can provide a detailed and accurate description of the propagating field for a general class of practical fibers and a variety of realistic sources of illumination.
A subsequent Fourier analysis of this numerically determined field with respect to axial distance can in turn provide such information relevant to a modal description as the modal eigenvalues or propagation constants and the relative strength of the individual modes present in the propagating field.
In this paper, we describe such a numerical method and give some detailed results applicable to the Corning 1151 fiber 4 with a parabolic graded refractive index profile. The numerical method is based on split operator and discrete Fourier transform techniques, which are known to be exceedingly accurate. 5 Discrete Fourier transform techniques offer an added advantage in providing an accurate dualistic description of the field:
the configuration space solution provides detailed information about energy losses and confinement of the beam, while the Fourier transform of the solution gives detailed information about the beam's angular properties.
Two representative types of illumination are considered here, although this by no means exhausts the possible forms of light coupling that can be treated by the method. In the first case, the fiber is assumed to be uniformly illuminated across its entire cross-sectional area by a beam with uniform intensity and phase. This will be referred to as the case of coherent illumination and corresponds to illumination by a collimated laser beam. In the second case, the initial beam is represented by a 2-D Fourier series in the transverse coordinates with coefficients of equal amplitude and random phase. This will be referred to as the case of incoherent illumination and could represent the illumination of the fiber by an incoherent light source such as an LED.
An obvious practical limitation of the numerical method is that computations can be carried out only over limited propagation distances. It turns out, however, that, for the axially uniform fiber considered in this paper, leaky modes are thoroughly attenuated, and steady-state propagation conditions are established within a fraction of a meter. This can be confirmed by taking the Fourier transform of the field along the fiber axis over a moving window in axial distance z and observing the decay of that portion of the spectrum that corresponds to unbound or leaky modes.
The solution of the Helmholtz equation in terms of operators is discussed in Sec. II, the implementation of this solution in terms of discrete Fourier transforms is treated in Sec. III, and numerical results obtained with the method are discussed in Secs. IV and V. Further discussion of the operator method of solution is provided in the Appendix.
propagating in the positive z direction. If the time dependence of E(w,x,y,z) is exp(iwt), E can thus be expressed in the form (6) Substituting the expression in Eq. (6) into Eq. (2) and taking the negative sign gives
E(x,y,z) = (x,y,z) exp(-ikz).
where
II. Wave Equation and Solution Method
We begin with the usual assumption that the propagation of a single frequency component of light in a fiber waveguide can be described by the scalar Helmholtz equation where E(w,x,y,z) is the transverse component of the electric field, is the circular frequency of the light, and the refractive index n (w,x,y) is assumed to depend only on the transverse coordinates x and y. In this paper we shall be interested only in the propagation of light at a single frequency. A description of pulse dispersion, on the other hand, requires information about a number of frequency components propagating simultaneously. The latter problem will be addressed in a subsequent publication.
The solution to Eq. (1) at z = Az may be written formally in terms of the field at z = 0 as 
If n in the first right-hand member of Eq. (3) (vI + n2)
The approximation in Eq. (4) is valid for sufficiently small variations in n(x,y), as shown in the Appendix, and should apply to a wide range of practical fibers. We wish to restrict the solution for E to a single wave (8) To second order in Az, Eq. (7) can be rewritten in the symmetrized split operator form
where the error arises from the noncommutation of v2 and x(x,y). 6 The above expression is suitable for generating a numerical solution. Due to the unitarity of the operators in Eq. (9), the solution will be unconditionally stable. The operation ex -iAz
is equivalent to solving the Helmholtz wave equation + + +7-no) E =0, (10) with E(x,y,O) as an initial condition. Therefore, advancing the solution for & (x,y,z) by repeated application of Eq. (9) is equivalent to propagating the beam through a periodic array of thin lenses (see Fig. 1 ). The first lens is located at z = Az/2, and the remaining lenses are separated from one another by the distance Az. Each lens imposes the phase front (x,y) = zx(x,y) on the beam, and the propagation of the beam between lenses is governed by Eq. (10). If v2 is neglected in comparison with k 2 in the denominator of Eqs. (7) and (9), one recovers the parabolic or Fresnel approximation. This approximation is valid for small beam divergences and has been used by many workers in a wide range of propagation studies. 5 7 We have found it to be an excellent approximation to Eq. (9) for steady-state propagation of light in typical multimode optical fibers. In the early stages of propagation, however, plane waves with large angular deviations from the z axis may be present in the beam, and the parabolic approximation can break down. Under these conditions, the solution form in Eq. (9) should still give an accurate description of light propagation. Since a numerical solution is no more difficult to generate with Eq. (9) than it is with the parabolic approximation, Eq. (9) is to be preferred in applications to optical fibers.
II. Solution in Terms of Discrete Fourier Transforms
An accurate numerical representation of Eq. (9) can be obtained by expressing 6(x,y,z) as a 2-D Fourier series with a finite number of terms 5 : (11) 
L where L is the length of the computational grid.
Propagation of the beam through a distance Az in a homogeneous medium of refractive index no transforms 16mn(0), according to Eq. (10), into
where Kx and K~y are the transverse wavenumbers
Equation (12) in conjunction with Eq. (11) provides an exact solution to Eq. (10) for an initial field of limited spectral bandwidth. In accordance with Eq. (9) the propagation step is followed by multiplication of 6 by the factor exp(-iAzX), whence C(x,y,Az) becomes
If the spectrum of 6' remains finite and is bounded by that of 6, the Fourier coefficients of ' can be evaluated exactly in terms of the sampled values
where jAx,lAy are points on the computational grid, and there will be a one-to-one correspondence between the Fourier coefficients 6' n and the elements of the discrete Fourier transform step index fiber. The minimum spatial bandwidth for G required to accommodate the steady-state field is thus defined by the relations
IV. Field Properties for a Realistic Fiber
The solution method described in Secs. II and III has been applied to the Corning 1151 fiber, which has a 125-gum outer diameter and a 62.5-Am core diameter (see Fig. 2 ). The refractive index of the fiber as a function of radius r is described by 9 (16) The latter can be computed with the well-known FFT algorithm.
Following the next propagation step the numerical representation of Eq. (9) then remains exact. Thus, if the spectrum of 6 (x,y,z) remains finite, it is possible to generate an exact numerical representation of Eq. (9).
The spectral bandwidth of 6(x,y,z) is, in practice, never perfectly finite, but, for most optical fiber studies, it is possible to set up a configuration space computational grid with sufficient resolution to keep the spectral power on the boundaries of the corresponding wavenumber space grid extremely small. Spectral power on the mesh boundaries is normally monitored, making it possible to confirm the accuracy of a given calculation.
The angle between the direction of a representative plane wave with transverse wavevector (KX,KY) and the z axis is given by
The value of N in Eq. (16) will be determined by L and 0 max, the maximum value of 0 for a beam propagating in the fiber core. The value of L will be of the order of the fiber diameter (including core and cladding), and Omax (n2 ax -no) 1 2 . Note that Omax is the N.A. for a n = no , n = no, r < a,
where a is the core radius, no = 1.5, and A = 0.008.
Calculations were performed for two forms of 6'(x,y,0). In the coherent illumination case, 6 was taken to be constant in amplitude and phase over the entire fiber cross section. In the incoherent illumination case, the coefficients in the Fourier series in Eq. (11) were selected with random phases and equal amplitudes. For computational efficiency the field was assumed to be symmetric with respect to reflections about either the x or y axes. This made possible a cosine series solution for Eq. (11).
The wavelength of the light was taken to be 1 Aim, and the upper right quadrant of the fiber cross section was represented by a 64 X 64 computational grid with Ax = Ay = 0.98 gim, creating a maximum possible spatial bandwidth of Akmax = 27r/Ax = 6.41 X 104 cm-. In the case of the incoherent beam, the initial spectrum was filtered, so that only half of this bandwidth was used.
The axial space increment Az was taken to be 10 Am. In all cases the return by reflection of radiation that has reached the outer fiber boundary was prevented by placing a strong absorber on the outer circumference of the fiber. The fractional power gained or lost by the fiber core
in the coherent illumination case is shown in Fig. 7 .
nal power contours in transverse wavenumber space.
Initially the power in the core is seen to double as energy Figure 12 shows the fractional change in the core power for the incoherent illumination case. Initially the core gains power, but, after approximately 0.5 mm of propagation, it begins to lose power rapidly. The core power reaches a steady state after approximately 0.5 cm at which point it contains less than 40% of its original energy.
V. Axial Spectrum Behavior
Fourier transformation of the field (x',y',z) with respect to z for a fixed transverse position (x',y') will reveal the normal mode eigenvalues or propagation constants f,, where C(x,y,z) is expressible in terms of the modal eigenfunctions u, (x,y) as This should be compared with Fig. 5(a) corresponding to coherent illumination. Clearly a steady state is approached in a much shorter distance in the incoherent illumination case due to the presence initially of a large proportion of the total beam energy in large angle waves, which are quickly lost from the core.
The peak excursions in radius are similar to those exhibited in Fig. 3 , but the minimum radii attained for the incoherent illumination case are larger than those attained for the incoherent illumination case. Clearly, the incoherent beam does not focus as sharply as the coherent beam, even though the two beams are similarly confined.
The spectral or angular contours for the incoherent illumination case are shown for the interval from 0 to 1 cm in Fig. 10 , which should be compared with Fig. 5 .
The maximum angular excursions in the two cases are close, although initially the incoherent beam contains substantially wider angles. The incoherent beam also clearly shows evidence of having reached a steady state within a fraction of the centimeter in agreement with Fig. 9 . The angular spread of the source, it will be noted, is roughly a factor of 2 greater than the N.A. of the fiber. The corresponding uncertainty product is displayed in Fig. 11 . The excursions corresponding to a given power fraction are higher in Fig. 11 than they are in Fig. 7 .
By transforming over a moving window in z, one can observe changes in the modal content of the field as a function of propagation distance z. The amplitudes of the guided modes or the modes that correspond to bound states in quantum mechanics will remain constant, but the amplitudes of leaky modes corresponding to the continuum in quantum mechanics will decay. The establishment of a propagational steady state can be determined when the amplitudes of the leaky modes have been observed to decay sufficiently. Figures 13-15 show spectra of the axial field 6 (0,0,z) for both the coherent and incoherent illumination cases calculated using discrete Fourier transforms for windows centered at different axial positions. To avoid spectral aliasing where Z represents the length of the window. In all cases the widths of the spectral peaks are determined solely by the sample length.
In general the magnitudes of propagation constants for the guided modes will be bounded according to 0 < I I < k A. To insure that the axial spectrum is accurately represented it is thus necessary for the axial sampling distance Az to satisfy Az <7r(kA)-1. This condition is satisfied in the present example by a factor of 5. which shows the axial spectrum for a window extending from z = 16.13 cm to z = 18.58 cm. The peaks representing the trapped modes have the same relative height as in Fig. 12 , but the peak near a = 0 has nearly vanished. The indicated exponential decay length for the peak near (3 = 0 is -4 cm. The overwhelming preponderance of power in the trapped modes shown is evidence that, for practical purposes, the field is in a steady state. 16 Axial spectra for the case of incoherent illumination, calculated for windows extending from 0.45 cm to 1.05 cm and from 0.96 cm to 5.87 cm, are shown in Figs. 15(a) and 15(b), respectively. The excitation of the virtual state mode is evident for this case as well, but the fraction of the total power that it contains is substantially less than it was in the coherent illumination case. Consequently, a steady state is well established within a propagation distance of about 5 cm. As would be expected, the propagation constants contained in the 
The propagation constants defined by the spectral peaks in Fig. 13 are compared with values calculated from Eq. (22) in Table I . Because the axis is a center of symmetry, only the even parity modes are exhibited. The presence of a sharp peak just to the right of 0 in 14 to within the resolution of the spectral peaks (2.5 cm-'). Note the random contribution of the various guided modes to the axial spectrum.
VI. Summary and Conclusions
We have described an accurate and general numerical method for solving the Helmholtz equation for the electric field in an optical fiber. The method has been applied to determine the detailed properties of the field for a practical graded-index fiber. The principal conclusion to be drawn from these results is that weakly guided modes decay within a short propagation distance, allowing steady-state propagation conditions to be set up within centimeters.
Appendix: Further Discussion of the Solution Method for the Helmholtz Equation
We wish to find a solution to the Helmholtz equation 
where k = now/c and n = no + n(x,y). We can use Eq. (A4) to test the accuracy of the following approximate forms for the solution operator
A:
Al,=-+k We can judge the accuracy of a solution obtained with Al by assuming that n = n 0 = const and that
Without any loss of generality we can omit from further discussion any higher order terms in v. Equation (A14) is clearly a good approximation to Eq.
(A8) if bn 0 /no << 1. However, unlike the case of Eq. (A9), there is no restriction on the size of K except that it be less than k.
In conclusion, the extended Fresnel approximation permits operator splitting, which is crucial to the use of spectral methods of solution, but it is not restricted to waves or beams that propagate at small angles to the z axis.
